Abstract. Octagonal systems are tree-like graphs comprised of octagons that represent a class of polycyclic conjugated hydrocarbons. In this paper, a roll-attaching operation for the calculation of the characteristic polynomials of octagonal chain graphs is proposed. Based on these characteristic polynomials, the extremal octagonal chains with n octagons having the maximum and minimum spectral radii are identified.
1. Introduction. In this paper, we consider only connected, simple and finite graphs. For graph theoretic notation and terminology not defined here, we refer the readers to Bondy and Murty [4] .
Let G = (V G , E G ) be a graph with vertex set V G and edge set E G . Then G − v, G − uv denote the graphs obtained from G by deleting vertex v ∈ V G , or edge uv ∈ E G , respectively. This notation is naturally extended if more than one vertex or edge are deleted. Similarly, G + uv is obtained from G by inserting the edge uv ∈ E G . Denote by P n and C n the path and cycle on n vertices, respectively.
Let V G = {v 1 , v 2 , . . . , v n } and A(G) = (a ij ) n×n be the adjacency matrix of order n whose entries a ij = 1 if v i , v j are adjacent and 0 otherwise. Since A(G) is symmetric and real, the eigenvalues of A(G), also referred to as the eigenvalues of G, can be arranged as λ 1 > λ 2 > · · · > λ k with multiplicity n 1 , n 2 , . . . , n k , respectively. Then the spectrum of G is the set of eigenvalues of A(G) together with their multiplicities, denoted by {λ
, . . . , λ (n k ) k }. The largest eigenvalue λ 1 (G) of A(G) is called the spectral radius or index of G, denoted by ρ(G). The characteristic polynomial of G is ϕ(G, x) = det(xI n − A(G)), where I n is an identity matrix of order n, and can also be expressed in the coefficients forms as follows:
As proposed by Brualdi and Solheid [5] , an interesting problem is to determine the extremal graphs in some class with respect to the spectral radius. This problem has attracted much attention in the literature 1 n (or Z 2 n ). If k i = α (or ε) for each i 3 in (1.1), then G n is a helix chain and we denote it by H 1 n . If k i = β (or δ) for each i 3 in (1.1), then G n is also a helix chain, which is denoted by H 2 n (see Figure 2) . Thus, we can see that The current work is motivated by the paper [33] , in which Zhang and Tian characterized the hexagonal chain graphs with the largest and smallest adjacency indices, respectively. In this paper, we propose a rollattaching operation for calculating the characteristic polynomials of octagonal chain graphs and consider the extremal problems on the spectral radius of octagonal chains as follows.
at e i−1 in a clockwise direction. Then k ∈ {2, 3, 4, 5, 6} and the join is α, β, γ, δ, ε according to the value of k. For example, let O n−1 = qpabcdef q with e n−1 = pq, and denote one edge of O n by rs. Then G n can be obtained from G n−1 and O n by α (resp. β, γ, δ, ε) join (see Fig. 1 
.1).
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Five cases of attaching an octagon On to an octagonal chain G n−1 .
As it is irrelevant to which join the first and second octagons are, we set
If k i = γ for each i in (1.1), then G n is a linear chain, which is denoted by L n . If k i ∈ {α, ε} (or {β, δ}) and k i = k i+1 for each i 3 in (1.1), then G n is called a zigzag . If k i = α (or ε) for each i 3 in (1.1), then G n is a helix chain and we denote it by
then G n is also a helix chain, which is denoted by H 2 n (see Fig. 1 .2). Thus we can see that
The current work is motivated by the paper [34] , in which Zhang and Tian characterized the hexagonal chain graphs with the largest and smallest adjacency indices, respectively. In this paper, we propose a roll-attaching operation for calculating the characteristic polynomials of octagonal chain graphs and consider the extremal problems on the spectral radius of octagonal chains as follows. The organization of this paper is as follows. In Section 2, we give some auxiliary results on the characteristic polynomials of graphs, which are used to study the spectral radius of octagonal chains. In Section 3, we introduce a roll-attaching operation on the octagonal chains. Then we establish some technical lemmas
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Extremal Octagonal Chains With Respect to the Spectral Radius that help us characterize the extremal graphs. Based on the results in the previous sections, we give the proofs of our main results in Section 4.
Preliminaries.
In this section, we introduce some preliminary results that will be used to study the spectral radius of octagonal chains. For convenience, let C e (G) be the set of cycles in G containing edge e, and C v (G) be the set of cycles in G containing vertex v. Denote the set of octagonal chains with n octagons by G n and the symbol ∼ denotes that two vertices in question are adjacent. First we recall the following bounds. Given an octagonal chain G n in G n with n 1, it is straightforward to check that G n has 6n + 2 vertices and 7n + 1 edges. Thus, Lemma 2.1 implies the following result.
Next we introduce some recursion formulas about characteristic polynomials.
Lemma 2.4. [9, 21, 3 ] Let e = uv be an edge of a simple graph G. Then
Moreover, if e does not belong to any cycles, then
Lemma 2.5. [20] Let H be a subgraph of G with uv ∈ E H and denote ρ(G) by ρ. If v is not the unique neighbor of u in graph H, then 
If 2 k n, then we show our result by induction. For the case of k = 2, by Lemma 2.4,
1 is a subgraph of G n and c 1 is not the unique neighbor of d 1 . Hence, by Lemma 2.5
and ρ > 2 for n 2, we have (based on Lemma 2.5) that
Then we assume the inequality ϕ(
t − a t , ρ) holds for 1 < t < k and consider the case of k. Note that
that is,
Hence, in view of (2.2),
where the last inequality follows by Lemmas 2.2 and 2.5.
Let G 1 and G 2 be two vertex disjoint graphs such that u 1 , v 1 ∈ V G1 and u 2 , v 2 ∈ V G2 . Then the graph G 1 G 2 is constructed from G 1 and G 2 by connecting u 1 and u 2 (respectively v 1 and v 2 ) with an edge e 1 (respectively e 2 ). Graph G 1 G 2 is depicted in Figure 3 .
On the spectral moment of graphs 7 Then we assume the inequality ϕ(H
Hence, in view of (2.1),
Let G 1 and G 2 be two vertex disjoint graphs such that u 1 , v 1 ∈ V G1 and u 2 , v 2 ∈ V G2 . Then the graph G 1 ⋄ G 2 is constructed from G 1 and G 2 by connecting u 1 and u 2 (resp. v 1 and v 2 ) with an edge e 1 (resp. e 2 ). Graph G 1 ⋄ G 2 is depicted in Fig. 2.1 . Figure 3 .
Lemma 2.8. For the graph G = G 1 G 2 through edges e 1 = u 1 u 2 and e 2 = v 1 v 2 , then
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Proof. By Lemma 2.4,
Applying Lemma 2.4 again,
Thus,
Note that
Hence, by Lemma 2.3
3. Some technical lemmas on the roll-attaching operation. In this section, we present a few technical lemmas. First we introduce a roll-attaching operation on the octagonal chains as follows. Let k ∈ {ε, δ, γ, β, α}, then definek ask
We callk the rolling of k. Given an octagonal chain
is an octagonal subchain of G n . We also set B = k i k i+1 · · · k n (where k 1 = k 2 = γ if i = 1) and denote the rolling of B byB =k iki+1 · · ·k n . Hence,Ḡ n = γγk 3 · · ·k n is the rolling of G n . Obviously,Ḡ n is isomorphic to G n . 
In what follows we consider the octagonal chains in G n with n 3. Our first lemma gives conditions under which we can replace an α join by a β join and decrease the spectral radius.
Proof. By Lemmas 2.4 and 2.8,
In what follows, we consider the octagonal chains in G n with n 3. Our first lemma gives conditions under which we can replace an α join by a β join and decrease the spectral radius.
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Comparing equations (3.3) and (3.4), using
Hence,
Lemma 3.2 gives conditions under which we can replace an α join by a γ join and decrease the spectral radius. Figure 4 . 
. Then compare (3.5) with (3.6),
Bearing mind that ϕ(A − q, ρ) ϕ(A − p, ρ) and by Lemma 2.5,
Thus, 
Note that ϕ(B − r, ρ) ϕ(B − s, ρ). Hence, we get ϕ(G (ii) Note that C ps (G 
